We prove that a circulant Hadamard code of length 4n can always be seen as an HFP-code (Hadamard full propelinear code) of type C 4n × C 2 , where C 2 = u or the same, as a cocyclic Hadamard code. We compute the rank and dimension of the kernel of these kind of codes.
Introduction
Let F be the binary field. For any v ∈ F, we define the support of v as the set of nonzero positions of v and we denote it by supp(v). For a vector x ∈ F n denote by wt(x) its Hamming weight (i.e. the number of its nonzero positions). For two vectors x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) from F n denote by d(x, y) the Hamming distance between x and y (i.e. the number of positions i, where x i = y i ).
A binary code C of length n is a subset of F n . Two structural properties of nonlinear codes are the rank and dimension of the kernel. The rank of a binary code C, r = rank(C), is the dimension of the linear span of C. The kernel of a binary code C is defined as K(C) = {x ∈ F n : x + C = C}. Let e, u be the binary all zeros vector and all ones vector, respectively. If e ∈ C then K(C) is a linear subspace of C with dimension k. We use S n to denote the group of all coordinate permutations. Definition 1.1. An Hadamard matrix is an 4n × 4n matrix H containing entries from the set {1, −1}, with the property that:
where I is the identity matrix.
Two Hadamard matrices are equivalent if one can be obtained from the other by permuting rows and/or columns and multiplying them by −1. We can change the first row and column of H into +1's and we obtain an equivalent Hadamard matrix which is called normalized. Form a normalized Hadamard matrix, if +1's are replaced by 0's and −1's by 1's, we obtain a (binary) Hadamard matrix H ′ with orthogonal rows and where any two rows agree in 2n places and differ in 2n places. The binary code consisting of the rows of H ′ and their complements is called a (binary) Hadamard code [4] . Next lemmas are well known. We include them without proof. (i) If s ≥ 3 then the rank of C is r ≤ 2n, with equality if s = 3.
(ii) If s = 2 then r ≥ 4n − 1.
In an Hadamard code we always have {e, u} ⊂ K(C). We will say that the kernel is trivial when {e, u} = K(C). Lemma 1.4. [7] Let C be a non linear Hadamard code of length 4n with non trivial kernel. Let κ ∈ K(C) be such that κ / ∈ {e, u}. Then, the projection of C onto supp(κ) is an Hadamard code of length 2n.
Hadamard conjecture asserts that an Hadamard matrix of order 4n exists for every positive integer n. In this paper we are mainly interested in circulant Hadamard matrices. Definition 1.5. A circulant Hadamard matrix of order 4n is a square matrix of the form
with a i ∈ {−1, 1} for all index i ∈ {1, 2, . . . , 4n}, and HH T = 4nI. We call g the binary generator polynomial of the circulant matrix H, where g =
No circulant Hadamard matrix of order larger than 4 has ever been found, but the nonexistence is still a non proved result. It seems that the first time this result was stated as a conjecture was in [9] . The most important result about circulant Hadamard matrices is the following one, where the proof uses the algebraic number theory and no equivalent proof using only elementary commutative algebra is known (except for specific values of n, as for example in [10] ). Proposition 1.6. [11] Let H be a circulant Hadamard matrix of order 4n. Then n is an odd square number. Definition 1.7. [8] A binary code C of length n has a propelinear structure if for each codeword x ∈ C there exists π x ∈ S n satisfying the following conditions:
For all x ∈ C and for all y ∈ F n , denote by * the binary operation such that x * y = x + π x (y). Then, (C, * ) is a group, which is not abelian in general. Vector e is always a codeword and π e is the identity permutation. Hence, e is the identity element in C and
. We call C a propelinear code if it has a propelinear structure.
We call C a propelinear Hadamard code if C is both, a propelinear code and an Hadamard code. We say that the group structure of C is the type of C. Definition 1.8. An Hadamard full propelinear code (HFP-code) is an Hadamard propelinear code C such that for every a ∈ C, a / ∈ {e, u} the permutation π a has not any fixed coordinate and π e = π u = I.
In [7] HFP-codes were introduced and their equivalence with Hadamard groups was proven; on the other hand, the equivalence of Hadamard groups, relative (4n, 2, 4n, 2n)-difference sets in a group, and cocyclic Hadamard matrices, is already known (see [3, 7] an references there).
Next lemma is well known, we will use it later.
Lemma 1.9.
[2] Let (C, * ) be a propelinear code of length 4n.
i) For x ∈ C we have x ∈ K(C) if and only if π x ∈ Aut(C).
ii) The kernel K(C) is a subgroup of C and also a binary linear space.
The unique (up to equivalence) circulant Hadamard matrix of order 4 can be presented as:
or, after normalization, as:
Now, taking a = (1100) with associated permutation π a = (1, 2, 3, 4) we see that C = a, u is an HFP-code of type C 4 × C 2u , where C 2u means a cyclic group of order two containing u. It is also easy to see that taking a = (1100) and b = (1010), with associated permutations π a = (1, 2)(3, 4) and π b = (1, 3)(2, 4), respectively, we obtain an HFP-code C = a, b, u of type
In this paper we prove that a circulant Hadamard code can always be seen as an HFP-code of type C 4n × C 2u and vice versa, an HFP-code of the above type always gives a circulant Hadamard code.
Circulant Hadamard full propelinear codes
A circulant 4n × 4n Hadamard matrix (Equation (1)) is a matrix H with rows given, in polynomial way, by g, xg, . . . ,
A circulant Hadamard code C (with e ∈ C) is given by the vectors corresponding to the coefficients of polynomials in {g+x i g, u+g+x i g : 1 ≤ i ≤ 4n}, where u is, in a polynomial way, u = 1 + x + x 2 + . . . + x 4n−1 . Next lemma showing that n is a square is well known, but we include the proof here since we need the second result of it.
Lemma 2.1. Let H be a circulant 4n × 4n Hadamard matrix. Then, n is a square and the weight of each column in the corresponding binary matrix is 2n ± √ n.
Proof. Let g ∈ F[x]/x 4n − 1 be the binary generator polynomial of the circulant Hadamard matrix H. Assume that polynomial g has weight 2n + σ (note that we are talking about the weight of the vector given by the coefficients of the polynomial). Let J be the matrix with all entries equal to one. Compute H T J which gives (−2σ)J. Also HJ = (−2σ)J. Hence 4nIJ = HH T J = (−2σ) 2 J, so 4n = 4σ 2 and n is a square. Further, σ = ± √ n and so, the weight of each column in H, considered as a binary matrix, is 2n ± √ n. Now, our interest is to show that a circulant Hadamard code C always has a full propelinear structure. Proposition 2.2. Let H be a circulant Hadamard code of order 4n, with binary generator polynomial g. Code C = {g+x i g+ξ1 | 0 ≤ i ≤ n−1; ξ ∈ F}, where 1 is the polynomial with all coefficients one, equipped with the operation * defined by
is an HFP-code with a cyclic group of permutations Π of order 4n.
Proof. First, for all i ∈ {0 . . . 4n − 1} take the permutation associated to the element z = g + x i g + ξ1 as π z = x i , where we use x i meaning a cyclic shift of i positions. Indeed, with these permutations we obtain (g +
On the other hand, for all a = g + x i g + ξ1, b = g + x j g + ξ ′ 1 ∈ C we have a * b = g + x i+j g + (ξ + ξ ′ )1 and so, π a * b = π a π b . Hence, code C is propelinear and, further, is full propelinear since all the associated permutations π a have no any fixed point, with the exception of a ∈ {e, u}.
Finally, we note that Π is a cyclic group of order 4n and the propelinear structure of C is given by C 4n × C 2 , where u ∈ C 2 . The elements in the propelinear code are a, a 2 , . . . , a 4n−1 and the complements where a i , in polynomial way, is (1 + x i )g. The constructed propelinear code is Hadamard. Indeed, we know that the initial circulant matrix H is Hadamard and so the weight of each element a
Vice versa, next proposition shows that an HFP-code of type C 4n × C 2u , or the same, an HFP-code with a cyclic group of permutations of order 4n, gives a circulant Hadamard code. Proposition 2.3. Let C be an HFP-code of length 4n with a cyclic group of permutations Π of order 4n, so an HFP-code of type C 4n × C 2u . Then, C is Hadamard circulant code of length 4n.
Proof. Let a ∈ C be a generator of C 4n . The elements in the propelinear code are a, a 2 , . . . , a 4n−1 , and the complements. As the weight of a is 2n the associated polynomial a(x) is divisible by (1 + x). Take as g the quotient polynomial after dividing a(x) by (1 + x). Note that the element a i can be written as
a (a) and, in polynomial way,
a(x) = (1 + x i )g. The matrix given by the rows x i g is a circulant Hadamard matrix.
The unique circulant Hadamard code we know is given by the rows of matrix in Equation (3) and their complements, hence the code is linear and so the values of the rank and dimension of the kernel are r = k = 3.
Lemma 2.4. Let C be an HFP-code of type C 4n × C 2u , where C = a, u . Vector u belongs to the linear span of a .
Proof. Adding the 4n − 1 vectors a, a 2 , . . . , a 4n−1 , we obtain in polynomial form (see the proof of Proposition 2.3)
i )g and since 4n − 1 is odd the above addition coincides with the addition of all rows in the binary circulant matrix. From Lemma 2.1 the number of ones in each column is either 2n + √ n or 2n − √ n, so we obtain the all ones vector u. This proves the statement.
Next proposition characterizes the values of rank and dimension of the kernel for circulant Hadamard codes. The proof uses the strong result given in Proposition 1.6. Proposition 2.5. Let C be a non linear circulant Hadamard code of length 4n. Then the dimension of the kernel is k = 1 and the rank is r = rank(C) = 4n − 1.
Proof. From Lemma 1.2 if C is an Hadamard code of length 4n = 2 s n ′ , with odd n ′ then the dimension of the kernel is 1 ≤ k ≤ s − 1. Hence in our case, from Proposition 1.6, as n is odd and s = 2 we have k = 1.
For the rank, from Proposition 1.6 we have that n is odd and from Lemma 1.3 we have r ≥ 4n − 1. From Lemma 2.4 vector u is a linear combination of a, a 2 , . . . , a 4n−1 , so r ≤ 4n − 1. This proves the statement.
Without using the result in Proposition 1.6 we can give an alternative proof about the dimension of the kernel as we see in the following Remark 2.6. However, the computation of rank in Proposition 2.5 is absolutely tied to the condition about parity of n. Nevertheless, for the special case when n (n = 1) is a power of two, we can obtain the nonexistence of circulant codes as we prove in Remark 2.7.
Remark 2.6. Let C be a non linear circulant Hadamard code of length 4n = 2 s n ′ , with n ′ odd. Then the dimension of the kernel is k = 1.
Proof. Indeed, assume that the dimension of the kernel is k = 1 and let v be a vector in the kernel of C different form e and u. Take c = (101010 . . . 10).
For any binary vector x of length 4n say that x (1) , x (2) are the projections over the first and the second half part of x, respectively.
First of all, we want to prove that a 2n = c ∈ K(C). Let v a vector in the kernel of C different from e and u. If
, which from Lemma 1.9 belongs to the kernel and κ
1 . In any case, κ 1 / ∈ {e, u} and so κ 1 + π a (κ 1 ) = e. If κ 1 + π a (κ 1 ) = u then κ 1 = c. In this last case κ 1 is of order a power of two and so κ 1 = a 2 t n ′ , for 2 ≤ t ≤ s − 1. Computing κ 2 1 we obtain e and so κ 1 = a 2n . If we are not in the above case we can use the same argumentation as before using κ
then take κ 2 = κ 1 , otherwise take κ 2 = κ 1 + π a n (κ 1 ) which belongs to the kernel and κ
. We can repeat the same construction until we can get a vector in the kernel which can be divided in 2 s−1 parts which are exactly equal. This means that the last constructed vector, say it is κ, belongs to the kernel and in each 2 s−1 th part has weight n ′ . If n ′ = 1, take w = κ + π a (κ) which is still into the kernel. However, the weight of w is 2 s−1 multiplied by and even number which is impossible. Hence, we conclude that the length 4n of the code C is a power of two and, moreover, κ = c ∈ K(C). Therefore, in any case, c ∈ K(C). Vector c is of the form a i for some index i and we should have a 2i ∈ {e, u}. Due to the type of code C the case a 2i = u is not possible, hence a 2i = e and so i = 2n and c = a 2n .
Finally, take the projection of a 2i , for i ∈ {0 . . . 2n − 1}, over the support of a 2n . The vectors a 2i p we obtain form a circulant Hadamard code of order 2n which contradicts Lemma 2.1. This proves the remark.
Remark 2.7. Circulant Hadamard codes of length 4n = 2 s , with s ≥ 3 do not exist.
Proof. We show that the rank of such a codes, in case they exist, should be r > 2n and, from Lemma 1.3, this means that s < 3 which is out of our statement.
Using the polynomial characterization we have seen in Proposition 2.2 we have that vectors in C are a, a 2 , . . . , a 4n−1 and the complements, where a i , in polynomial way, is (1 + x i )g and g is the generator polynomial of the corresponding circulant matrix. From Lemma 2.4 vector u belongs to the linear span of a and so rank of code C is r = 4n − 1 − d, where d = degree(gcd(g, x 4n +1)). Now, assume that r ≤ 2n and so gcd(g, x 4n +1) = (1+x) d , for some integer d = 4n−1−r ≥ 2n−1 and g = (1+x) d q(x), for some polynomial q(x) without common factors with x 4n + 1. Therefore, vectors in C are, in polynomial form, (1+x i )(1+x) d q(x), for i ∈ {0, . . . , 4n−1}, and the complements. Specifically, a 2n = (1 + x 2n )(1 + x) d q(x) = (1 + x) 2n+d q(x) mod x 4n + 1. For d ≥ 2n the above equality leads to a contradiction. Hence d = 2n−1 and r = 2n. From Lemma 1.3 we obtain s = 3 and we already know by straight checking that this case does not give any circulant Hadamard code. This proves the statement.
